Abstract -We explore the behavior of two-dimensional patchy colloidal particles with 8 or 10 symmetrically arranged patches by employing Monte-Carlo simulations. The particles interact according to an isotropic pair potential that possesses only one typical length. The patches lead to additional attractions that are anisotropic and depend on the relative orientation of two neighboring particles. We investigate the assembled structures with a special interest in quasicrystals. We found that the patch width is of great importance: Only in case of narrow patch widths we are able to observe metastable octagonal and decagonal quasicrystals, while dodecagonal quasicrystals can also occur for broad patches. These results are important to understand the role of interactions with preferred binding angles in order to obtain quasicrystals. Our findings suggest that in case of sharp binding angles, as they occur in metallic alloys, octagonal and decagonal symmetries might be observed more often than in systems with less sharp binding angles as it is the case in soft matter systems where dodecagonal quasicrystals dominate.
Introduction. -Quasicrystals, i.e. well-ordered structures without periodic translational symmetry [1, 2] , can possess any rotational symmetry including noncrystallographic ones. In two dimensions, quasicrystals with 5-, 8-, 10-, or 12-fold rotational symmetry possess at least two incommensurate length scales as well as two additional degrees of freedom termed phasons [3] [4] [5] [6] [7] [8] . They seem to build more likely than quasicrystals with other symmetries [9, 10] that would possess even more degrees of freedom (see, e.g. [7] ).
In experiments, most quasicrystals have been found in metallic alloys and provide icosahedral or -less often -8-, 10-or 12-fold symmetry (see, e.g. [11, 12] ). Soft matter quasicrystals have been observed as well [13] [14] [15] [16] [17] [18] and most of them exhibit dodecagonal symmetry [18] .
In simulations, quasicrystals can be stabilized, e.g. by one-component particles interacting with an isotropic pair potential with at least two incommensurate lengths [19] [20] [21] [22] [23] [24] [25] [26] . Another approach are patchy colloids (see, e.g. [27] ), i.e. particles with attractive regions at the surface. The number, arrangement and width of such patches is tunable. In recent simulations [28] [29] [30] many patchy colloids -even in case of 5 symmetrically arranged patches per particle -assembled into quasicrystals with dodecagonal symmetry, which has been the only quasicrystalline symmetry achieved in systems with patchy colloids. Let us note that patchy colloids have also been realized in experiments to study the self-assembly of complex structures (see, e.g. [31, 32] ).
In systems of patchy colloids the ordering preferred by the isotropic part of the potential (with only one length scale) competes with structures that possess the binding angles preferred by the patches. Competitions between different symmetries are known to lead to interesting new phenomena, like the formation of Archimedeantiling phases [33] [34] [35] [36] , rhombic phases [37] , or new types of growth behavior [38, 39] . Here we report on similar intermediate orderings of patchy colloids. However, our main goal is to obtain quasicrystalline structures with octagonal and decagonal symmetry. We will focus on the influence of different patch widths on the final arrangements.
Method. -We consider an interaction potential that is similar to the ones previously used to investigate selfassembly or growth processes [28] [29] [30] [40] [41] [42] [43] [44] [45] [46] . The interaction V p (r, θ k , θ l ) between two particles at a distance r is composed of an isotropic Lennard-Jones-like pair potential V LJ (r) = (r 0 /r) 2n − 2 (r 0 /r) n multiplied with 
otherwise. Note that the patches only act starting at the surface, i.e. for r > r 0 . The Lennard-Jones-like part possesses one local minimum at r = r 0 and the exponent n determines the width of the minimum.
The angular term V a (θ k , θ l ) models the attractive patches.
We use
2 ) , where θ k and respectively θ l denote the angles between the nearest patch of particle i and respectively j to the bond r ij between particle i and j. As a slight modification from recent works [28] [29] [30] [40] [41] [42] [43] [44] [45] [46] our angular part consists of two terms with two patch widths σ 1 and σ 2 . Thus, we can model a narrow patch width σ 1 , while the superposed attraction with a broad patch width σ 2 ensures that the patches still find each other within a reasonable time. We will see in the next section that narrow patches (i.e. small σ 1 ) are required to stabilize octagonal and decagonal quasicrystals. The potentials are truncated and shifted appropriately at 3r 0 .
We employ Metropolis Monte-Carlo simulations with periodic boundary conditions in the N V T -ensemble. If not stated otherwise conventional displacement moves and rotation moves are proposed with the same probability.
We use several analysis tools to characterize the order of the structures that the patchy colloids adopt and to identify quasicrystals. For the analysis of the rotational symmetry we calculate the structure factor S(q) =
. Furthermore, the bondorientational order parameter for a particle j is ψ m (r j ) = 1 N k exp(imθ jk ) and characterizes the structures according to a given rotational symmetry m, e.g. m = 10 to test for decagonal symmetry. The sum runs over all neighboring particles k with a distance of the short length scale. θ jk denotes the angle between the bond from particle j to k and an arbitrary direction. In addition, the angular distribution function g(φ) counts how often bond angles between nearest neighbor particles occur.
Results. -We first model particles with 10 symmetrically arranged patches with the aim to stabilize decagonal quasicrystals. Ideal decagonal structures possess two characteristic length scales d 0 and
where τ denotes the golden mean. In our simulations, however, we can only support one length by the potential minimum. From previous works [28] [29] [30] we know that dodecagonal quasicrystals can be stabilized with patchy colloids when the short length is supported. Therefore, here we also apply r 0 = d 0 . We choose a small exponent n = 2 which causes a broad potential minimum. Thus, the low gradient reduces the energy of the long length scale. For the attraction that is used to support the fast finding of bonds, we employ a broad width σ 2 = 0.23. To model the actual patches we use a different width σ 1 that is varied. The temperature reads T = 0.2 . The density of a perfect decagonal tiling is chosen, i.e. ρ = N/A ≈ 0.63/r 2 0 , where A denotes the size of the simulation box.
As starting configurations, we consider perfect decagonal, hexagonal, square, and random configurations. Typical final structures obtained for initial decagonal and random configurations are illustrated in fig. 1 for various patch widths σ 1 . Particles are colored according to their local bond-orientational order parameter |ψ 10 |. Structure factors are depicted as insets and the angular distributions are shown below each configuration.
At very narrow patch widths σ 1 = 0.005 it is difficult for the patches to find each other and the initial decagonal tiling is destroyed. At σ 1 = 0.03 the decagonal tiling remains stable. The structure factor provides clear decagonal symmetry and the angular distribution shows sharp peaks. The bond-orientational order is maximal. Note that only particles close to contact are considered in the calculation of |ψ 10 | such that central particles appear yellow. At increased patch widths bond angles deviate from the decagonal symmetry. The particles start to slightly rearrange at σ 1 = 0.1. Peaks of the angular distribution are broadened and order decreases. At σ 1 = 0.2 a dense phase with predominant distances of r 0 and angles of approximately 45
• and 66
• forms. Applying the given protocol with initial random configurations, particles do not arrange to decagonal quasicrystals at any patch width. At σ 1 = 0.03 most particles build a dense periodic structure. We observe angles with 72
• and 108
• that in principle could also appear in patterns with decagonal symmetry and an additional angle with 54
• . Only a few elements of a decagonal tiling are found. At intermediate patch width σ 1 = 0.1 this phase competes with an Archimedean (3 3 4 2 ) tiling. For initial hexagonal and square phases we obtain similar final configurations.
In the following we test which structures are energetically favored by the employed potential. We apply an ideal decagonal, square and hexagonal tiling each with density ρ ≈ 0.63/r 2 0 and depict the average potential energy per particle E/N as a function of the patch width σ 1 in fig.  2 . At low patch widths σ 1 ≤ 0.2 the ideal decagonal tiling is energetically favored. Increased patch widths allow for deviations from the decagonal angles and E/N decreases for all structures. At σ 1 > 0.2 the hexagonal tiling is energetically preferred.
We now model particles with 8 symmetrically arranged patches and try to stabilize quasicrystals with octagonal symmetry. Ideal octagonal structures possess the lengths l 0 = 2 sin(π/8)l 1 ≈ 0.77l 1 and l 1 . In our simulations we support l 1 , i.e. we chose r 0 = l 1 . In case of r 0 = l 0 octagonal structures would be destroyed as will be shown in the next paragraph. Further potential parameters read n = 3 and σ 2 = 0.29, while σ 1 is varied. We adjust a particle density ρ ≈ 1.21/r 2 0 of a perfect octagonal AmmannBeenker tiling. Simulations are performed either with an ideal octagonal or a square tiling as initial structure. mains stable and the angular distribution function shows sharp peaks. At σ 1 = 0.15 the ideal tiling dissolves and the peaks broaden. Broad patch widths σ 1 > 0.2 cause a coexistence of a square and zigzag phase with a predominant length r 0 . The zigzag phase is a periodic lattice that consists of the same rhombs as in the Ammann-Beenker tiling. Zigzag and square phase both support angles of an octagonal tiling. The desired density is reached by a coexistence of both phases.
The initial square phase does not arrange to an octagonal tiling at any patch width. Instead, parts of the square lattice rearrange into the denser zigzag phase. The number of rearranging particles increases with the patch width. Only a few local octagonal elements are found. Initial zigzag or random phases result in similar configurations. potential minimum is varied and another length scale is supported. To test structures with decagonal symmetry we support the long length with r 0 = d 1 . Further simulation parameters remain unchanged. We choose σ 1 = 0.03 for which the ideal decagonal tiling is stabilized in case of r 0 = d 0 . We now modify the interaction potential such p-4 that patches extend into the particle, i.e. the angular terms V a (θ k , θ l ) affect all r and not only r > r 0 . Therefore, the patches can act on both relevant length scales. However, we do not obtain decagonal structures. Most particles arrange to the Archimedean (3 3 4 2 ) tiling as illustrated in fig. 5 (a) . Patches are illustrated by arms around the particles. Patches of particles that are separated by the long length are oriented towards each other. However, patches of particles with shorter distance do not obey the correct orientation.
In the case of particles with 8 patches we have so far supported the long length r 0 = l 1 and now will test to support the short length, i.e. r 0 = l 0 . Further parameters are kept as before, and we choose σ 1 = 0.02. The particles arrange to dense square tilings with distances r 0 between nearest neighbor particles and with voids as shown in fig.  5 (b) for N = 392 particles. Note that the 8-fold symmetry suggested by the structure factor results from domains of square tilings that are rotated against each other.
So far we have found metastable octagonal or decagonal quasicrystals. These structures can be observed if the simulations are started with the respective structures. In the following we check if we can obtain quasicrystals with octagonal or decagonal symmetry from a random initial state. We first model colloids furnished with 10 patches. We choose the same potential parameters as in previous simulations and stabilize the short length d 0 . Simulations with a low temperature T = 0.04 result in elements of a decagonal tiling (see fig. 6 (a) ) and indications of a decagonal symmetry provided by the structure factor (inset of fig. 6 (a) ). We increase the temperature of this configuration to T = 0.25 . Beside phononic displacements and rotations of the particles we propose phasonic flips with a probability of p = 0.2. Such flips are implemented by displacements with a distance d flip = d 1 − d 0 . We obtain a quasicrystalline arrangement of particles as illustrated in fig. 6 (b) . The patches indicated by arms around the particles are nicely oriented towards each other. The long length scale is supported indirectly by the energy gain provided by the angular term. However, we observe an excess of the short length compared to the ideal tiling and voids arise. The structure is metastable and increased temperatures lead to a transition to a triangular phase as depicted for T = 0.4 in fig. 6 (c) .
In case of colloids with 8 patches we also apply the potential parameters as in previous investigations and stabilize the long length l 1 . Even for low temperatures the particles arrange to a square tiling. Patches are oriented towards the patches of nearest and next nearest neighbors. Since square tilings are also supported by 8 patches, it is hard to build an octagonal quasicrystal. For temperatures T < 10 −4 we obtain random frozen arrangements that again turn into square tilings at increased temperatures.
Conclusions. -We have studied how quasicrystals can be stabilized in patchy colloidal systems in two dimensions. While it is known that dodecagonal orderings can be easily found even in systems in which the number of patches seems not to fit to the 12-fold symmetry [28] [29] [30] , octagonal and decagonal quasicrystals seem to be harder to realize in soft matter systems. Here we have shown that one needs narrow patches corresponding to sharply enforced preferred binding angles in order to stabilize quasicrystals with 8-or 10-fold symmetry. We have shown that these structures are energetically favored in case of narrow patches and that they can stay stable in Monte-Carlo simulations that have been started with the respective patterns.
We have also shown that decagonal quasicrystals can be obtained from random initial conditions by cooling and subsequent reheating. Therefore, there are protocols that can be used to receive these quasicrystals as metastable structures. However, it remains an open question whether octagonal or decagonal structures might exist in thermal equilibrium in systems with patchy colloids (maybe with modified potentials).
Our results contribute to a better understanding of why metallic quasicrystals do not possess dodecagonal symmetry as often as soft matter quasicrystals [18] . The reason might be due to preferred binding angles that are usually given in a very sharp way in case of metallic systems. Note that our findings are consistent with experimental results of quasicrystals in metallic alloys. Most stable metallic quasicrystals possess icosahedral symmetry. Also a few decagonal phases have been observed, while octagonal structures provide least examples and are usually metastable [12] . * * * 
